Bit Error Rate(BER) Analysis of 4H-PAM
Truncate-and-Forward(TF') Protocol:

BPSK at Relay and Maximum Ratio Combining at the destination:

February 8, 2008
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Figure 1: 4 H-PAM broadcasted by source(1st time slot) and Normalized BPSK sent by the relay(2nd time slot).

Above is the simplest form of cooperative system diagram

1 System Construction and MRC

After the source broadcasts 4H-PAM signal, let us now assume that it is preferable for the relay to send a BPSK
signal instead of 4PAM in the second time slot, where each symbol has the same average energy compared to

a 4H-PAM symbol. Therefore the symbol distance from the origin is d =d % as shown in figure 1.

Now assume S-R channel is perfect and observe the following system diagram(At the end of 2"¢ time slot):



sinwt

‘ oad |
| -
00 ‘ 01 1" | 10
4H-PAV— @ | o&—

BPSK:

o _
g
g

Figure 2: 4 H-PAM broadcasted by source(1st time slot) and Normalized BPSK sent by the relay(2nd time slot).
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Figure 3: System Diagram when Relay transmits



Transmitted BPSK and 4H-PAM signals are given by,

k(t) = kng(t) cosw,t (1)
s(t) = smg(t) coswet (2)

where k, = {£d (H;“z)},sm = {4d, £ad} are the symbols, characterizing the distances from the origin,
respectively. And « is the parameter that controls the hierarchy(See Figure 2). Also, g(t) is the pulse shaping
function. The subscripts are denoting the symbol indexes and takes on values n = {0,1} for BPSK and
m = {10, 11,01, 00} for 4-HPAM.

After match filtering(demodulation) before doing a hard decision, the destination uses MRC(Maximum ratio
combining) to combine those symbols. The decision statistics before MRC can be expressed as:

ysd(T) = ﬁsdsmgg + nsd(T) (3)
yrd(T) = ﬂrdkn{‘:g + nrd(T) (4)
where B4, Brq are slowly varying flat rayleigh fading coefficients with parameters o4, 0,4, respectively. WOLOG

let us drop T for simple illustration.
Therefore assuming static flat rayleigh fading, and weights p; and ps, we have

Ysd = ﬂsdsmgg + Nsd (5)

Yrd = ﬂrdkneg + Mg (6)

Yeom = MsdYsd + HUrd¥rd (7)

= Msdﬁsdsmgg + MrdBrdkngg + MsdTsd + HrdTird (8)

where ngq, nrq are samples of a gaussian process with variance U%S , and U,%T ,» respectively. It is found in the

2

foregoing discussion that o = Npeg, since the second goes through the same low pass filtering we have

MNsd
afw = Noeg. Then the output SNR can be written as follows and it is subject to an upper bound.
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where &4, is average symbol energy for 4H-PAM.
In a 4H-PAM signalling, the mean energy e,, is given by

4H-PAM _
Eqv = F
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and mean energy for our normalized BPSK is also given by

BPSK _ p

/0 (kng(t)coswet)? dt] (14)
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So they are equal as intended.

1.1 Probability of Error Expression

In this section we will first derive the BL bit error rate(BER) for three protocols:Truncate-and-Forward(TF),
Decode-and-Forward(DF) and Amplify-and-Forward(AF), respectively. We will also sometimes resort to single
link BL and EL. BER performance expressions as needed. Then we will discuss EL BER expressions for these
protocols and give finally numerical results and discussion.

1.2 Truncate-and-Forward

Since 1, o are chosen independent of «, the set {usd = C%, Lhsd = C Bea N} that maximizes SN RDF
9

ggNo”’ output
will also maximize the SN Rooutput. Without loss of generality, choose ¢ = Ny, then we have:

Yeom = ﬂ:dysd + /B:dyrd = ‘/Gsd|25m5g + |Brd|2kn(‘:g + Bjdnsd + ﬂ:dnrd

where s, = {#d, +ad} is the 4 H-PAM symbol sent by the source in the first time slot, and k,, = {*d %}
is the fixed normalized BPSK symbol sent by the relay and [(sq, 54 are complex rayleigh fading coefficients
with parameters o4, 0.4 respectively. Therefore |3s4|? and |3,4|? are exponentially distributed with parameters
ﬁ, ﬁ Let us denote |Bs4|?,|3rd|* as Zsq, Trq then the probability density functions are given by

Tsd

eZUgd U(xsd) (18)

fM(xsd) = QO—Ed
Zrd

e rau(2rq) (19)

fm(mrd) =

2
207,

where w(.) is unit step function. Since xsq, Trd, Sm, kn are all random, we first condition on them and then
average over them. Assuming independent fading then we have the conditional probability of error expression



that can be written as:
P(e/xsdv Lrdy Sm, kn) = P(/B;kdnsd + ﬁ:dnrd < _‘/BsdPSmgg - |5rd|2kn)gg

TsdSmEg + Trakney
P(e/x dsTrds S 7k = Q ( . * *
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TsdSmEg + Trakney
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where Q(.) function is given by

1 o g2
Qx) = \/—2?/ e” 2 dz.

(23)

As we have mentioned, we primarily assume a perfect channel between source and relay to facilitate the

expressions. Note that s,, and k,, are then dependent and k,, takes values based on s,,.

+ #d if s,, = +d, +ad

kn =
e if s, = —d, —ad

Therefore the average probability of error for BL bits can be expressed as:
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where kK = 4/ (HTQ% I used numerical integration tools to evaluate that.
Now let us assume €, = 1 and define the following function to ease the later expressions:

No(zsa+Tra No(zsa+Tra
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Therefore P, (¢) = 9(d, dk, ad, dr). This expression can also be written in terms of £4,' as well:

P(e) = Ut VB, T ),

as €40 for simplicity.

1Note that In this section we refer €4H PAM

(24)

(25)



Now for the next step, let us assume S-R link is not perfect and subject to information loss. This is a simple
two terminal single rayleigh fading link. We found a probability of error expression for this in the first part as

follows:
1 1 A 1 o)\
pbl— = _ \/ _ \/ 2
¢ 2 4V14+X 4V 1+a2X (28)
o2 sz 467g r€av

where \ = Ny =0 +a2) o and o, is the parameter of the rayleigh fading coefficient 3, ,. If relay makes

error in BL bits, then in this case the probability of error expression will be:
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Then for any relay position, the probability of error expression for TF scheme can be written in the following
form:

PTF(e) = (1 — PY)Py (e) + PP'P_(e). (30)

with o2 4= land a di ,af 4= dT where n is the path loss exponent, and d; ., d, q are the corresponding

distances between termlnals
Note that each expression is expressed in terms of €4, so let us write BER in the following way for future
reference:

Pl (eav) = (1= P")Py(e) + P2'P_(e). (31)

1.3 Decode-and-Forward

Let us consider now the probability of error expression of BL bits for DF protocol, the expressions are very
similar except now the relay sends another 4H-PAM. Therefore unlike TF, the symbol sent by the relay depends
on the EL bits. So the error probability of EL between S-R will ultimately effect the overall BL BER.

BL BER is given for a point-to-point(ptp) comm. under slow rayleigh flat fading channel and denoted as
PP, For EL, ptp BER can be found in a closed form and given by after some modification of the form found in
previous discussion:

1

1
1 sgn(L)
(ks | - - —2— | . (32)
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where L = (—1)*W + o*d, W = 142d and sgn(.) is the signum function and is given by

P = -4

[NCRI
M| —

1 ifzx>0
sgn(z) =49 —1 ifz <0

0 otherwise.



Note that in order to find exact expression for any relay position we need to consider for two symbols say
511 and s19 each symbol error probability which amounts to calculate 8 different cases. Because of symmetry

we can average over only these two symbols.

Instead of using above method, we can find an expression using already existing BER expressions. Therefore
using single link BL and EL BER expressions, we can write the probability of error expression for BL bits of

our DF protocol in the following way:
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PDF(e) (1_Pebl)(l_Peel)w(adaadchd)
(1 - Pfl)Peelw(ada da da ad)
PP (1 — Py (ad, —ad, d, —d)

PP Ply(ad, —d, d, —ad).

+ o+

1.3.1 Probability of Error Expression for EL

Now assume S-R is perfect, and remember that the combined signal of our system is given by

Yeom = 5:(1%(1 + ﬂ:dyrd = |ﬂsd|25m + |ﬁ7’d‘25m + ﬁ:dnsd + ﬁ:dnrd

Again, since the optimal decision regions for EL is not simply the origin, we need to compensate for the
fading before finding the test statistics and probability of error expression. The compensated signal will be

|Bsd|25m + |ﬁ'rd|28m ﬁ:dnsd + ﬁ:dnrd

Ycom = |ﬂsd|2+|ﬂrd|2 |ﬁsd|2+|ﬂ7“d|2
= S(T)+ N(T)

If we assume signal is never in error when received at relay then we have:

S(T) = sm

N()Eg )
N(T) ~ 0, —————F——
@ N< ol + 1o

(37)

(38)
(39)

let us denote |Bs4|? ~ 259 and |Brq|? ~ 7,4 are exponential distributed r.v.‘s as defined before. Considering s1;



and sy¢ will suffice, because of symmetry. Probability of Error conditioned on channel parameters is given by

PR (e/raarra) = 3(1—Polsna)) + 5 Pels10) (40)
_ % - % (—W < s, + N(T) < W) + %P(—W < 5104+ N(T) < W) (41)
= %—%P(—W—Sll<N(T)<W—811)+%P(—W—810<N(T)<W—810) (42)
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Therefore the unconditional probability of error can be given as

2 2
1 LsdO, g + Zyrdo d
Pfg = 2o / / e/xsd,xrd) expq 5 T’Q 5 = Az sqdx,q (47)
O—bdo—rd Us,dg7',d

Note that this expression can be written in terms of ¥(A, B, C, D) function we defined. Using the form in (45)
we can express it as

PPE =05+ 0(-W + ad, ~W + ad, W + d, W + d) — (W + ad, W + ad, =W +d, - W + d). (48)

where W = HTO‘d is the place on z axis where the decision region resides.
If S-R link is not perfect the conditional probability of expression will be given by

PP

€,e

= 1-prPhHa —le)(0.5+w(—W+ad,—W+ad,W+d,W+d) —¢(W+ad,W+ad7—W+d7—W+d))
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+PY(1 - P <0.5 + (=W +ad, W —ad, W +d, W —d) — (W + ad, W — ad, =W +d, W — d)>(50)

+ PPl <0.5 F (W +ad, -W —d, W +d, W — ad) — (W + ad, W — d, =W +d, =W — ad))

(51)



1.4 Amplify-and-Forward

Let us first consider the received signal at relay in the first time slot(T"). Based on our previous discussion and
construction the test statistic at relay can be found as:

ysr(T) = ﬁsrsmgg + Ngp (T) (52)
Assuming perfect channel information, the power transmitted at the source is given by
1 2
seqE[s2)]
p=29"""m 53
- (53)

Now let us assume that relay is subject to a power constraint, P.. This immediately yields a bounded
amplification factor p. In order to have relay transmit at the same power level, we multiply the received symbol
with p such that:

3 Ellpysre ] 3¢9 Elsh]
Pr _ 2 ST < Pg _ 29 m
T - T
Ellpysr) < Elsileg (54)
then we can now bound p and is given by

P*(1Bsr P Elsp]eg + Nogg) < Elspleg (55)

E[s2]e
2 ml-g 56
S B PERRIS + Nor, 0

SNR

* < 57
P = |8, PSNRe, + 1 (57)

SNR
< 58
= ¢ B PSN Rz + 1 (58)

In the next time slot of duration T, while source stays idle relay forwards pys, and destination uses MRC
to combine signals coming from relay and source. Test statistics received at destination in both time slots are
given by

Ysd(T) = Psasmeg + nsa(T) (59)
Yra(T) = Brapyse(T) 4 nra(T) (60)
= Brap(Bsrsmeg + nsr(T)) + nra(T) (61)
= BrapBsrsmeg + Brapnsy(T') + npa(T) (62)

Assuming perfect channel info available at the destination, MRC achieves the optimal performance by
multiplying each received signal by its corresponding combining coefficients. Therefore the combined signal is
given by

Yeom = MsdYsd + HrdYrd (63)
the coefficients can be shown to be,
Msd = 6:;1 (64)
ﬂ*dp* ;r
sd = Tog o 65
K 1Bral20® + 1 (65)



The combined signal can be written as,

|Bral®lpI?|Bsr |2 |Bral?|pl* B2, Brap™ B

2 *
com @— sd| SmEg + DsgMsd + Smég + Ngr Nsr 66
v Bl smes + Biamaa + 715 Jam 1 G R 1 T (2 + 1 (66)
— S(T)+ N(T). ®7
where the noise statistics conditioned on channel parameters are gaussian distributed and can be shown to be
|Brd|2|p|2|ﬁsr|2
N(T) ~ N (0, (W + |Bsal® ) Nogg (68)

and the signal component is given by

|ﬁrd|2‘p‘2|ﬁsr|2
|Bral?lp|* + 1

Let again x4 ~ |Bsr|?,2sa ~ |Bsa|?,2ra ~ |Bra|® be exponentially distributed random variables with param-

s(r) = ( +15a?) sm, (69)

eters 3070 307 357, respectively and define the following function:
F(Tsr, Tsd, Trd) = Zralplwsr +z (70)
sryLsdyLrd xrd|p|2 +1 sd

In order to have maximum amplification, let us substitute p = % then,
\ zor B

TraTsrSNR
(rqg + Toreg)SNR + 1

r(xsra Lsd, xrd) = + Zsq (71)
The conditional probability of error conditioned on channel parameters is given by

PAF (e/24y, Tsq, rd) = %P(S(T) + N(T) < Ols = d) + %P(S(T) + N(T) < 0sm =ad)  (72)

PIN(T) < —S(T)|sm = d) + %P(N(T) < —S(T)|s = d) (73)

1
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_ iQ (Tsrs Tsd, Tra)deg +§Q (Tsrs Tsd, Tra)adeg (74)
\/F('rsraxsdyxrd)Noag \/F(xsmxsdaxrd)Nosg

— Q d\/F(IsraJ?sda-er)c‘:g +Q ad\/F(Isr,de,de)gg

M| —
—

75
NO NO )

The probability of error expression for BL bits of AF protocol can be given by averaging this conditional
probability of error expression over channel fading parameters:

1 (zsr Lsd l’rd)(i F(zsr Lsd xrd)g
PAF — - s Lsds g d ) ) g 76
’ (e) 2 8037” sdord /(; / / \/ NO * Q “ NO ( )

Tsd 72
e 20 Far ™ ZUsd e 2 dxsrdxsddxrd (77)
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2 Analysis extended to 16H-QAM
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Figure 4: System Diagram of 16H-QAM when Relay transmits 4QAM

The system block diagram is show above. The relay transmits the following signal when it uses TF protocol:

k(t) = ki g(t) coswt + k2 g(t) sinw,t (78)
where
1+ a2 1+ a2
K = +d, +2a1 R A (79)

Transmitted signal sent by the source is given by

s(t) = si,g(t) coswet + ¥, g(t) sinw,t (80)

where

sy, = *£d;, tayd; s¥, = £dg, Tayd, (81)
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with n;(t),7 = 1,2 is a zero-mean complex additive white gaussuian noise process sample with two sided spectral
density of Ny/2. At the destination, the decision statistics can be given as:

where Bi = B;e% i = 1, 2.Further statistics of noise is found already to be n; ~ N(0, Nogg). Similarly as before,
we drop tilde for simplicity and treat 3; as a complex random variable with rayleigh amplitude and uniform
phase. We also can drop 7" and assume g4 = 1.

T
Sl6H-QAM  _ g / (5%, g(¢) cos wet + 5%, g(t) sin wet)? dt (82)
0
€ €T
= S (E[R)’]+E[h)°]) (83)
_ eg(ltad)d? | eg(1+ag)dg _g(1+0?)d? _ 9 AH—PAM (84)
4 4 2 av

where we used the following constraint (1 + of)d? = (14 a2)d2 = (1+ o?)d*. We can also show,

10anm  Eg(1 + o?)d? _ g AH—PAM (85)

6(“) - 9 av

The noise samples nq (t), na(t) are i.i.d. gaussian process samples. The BER expression for BL in our cooperative
16H—QAM
system can be determined from that of 4H-PAM signalling with 2 —PAM 8“”7

Using (31), we will be able to write the SER expression for 16H-QAM system. Probablhty of correct decision

is given by
TF16H-QAM _ rr (o M ’
Ps correct (1 - Pb ( = 2 >> (86)
Therefore the symbol error rate can be written as:

_ 2
PTFIGH-QAM _ 1 (1 —prr (W)) . (87)
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